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Abstract. Let Q be a domain in C n and let / : Q — > C be a continuous function. 
We prove that the graph r(/) of the function / is a pluripolar subset of C™ +1 if 
and only if / is holomorphic. 

1. Introduction 

A real-valued function ip defined on a domain U C C" is called plurisubharmonic 
in U if (p is upper semi continuous and its restriction to the components of the 
intersection of a complex line with U is subharmonic. 

A set E C C n is called pluripolar if there is a neighbourhood U of E and a 
plurisubharmonic function ip on U such that E C {<p = — oo}. By a result of B. 
Josefson [J], the function ip in this definition can be chosen to be plurisubharmonic 
in the whole of C n (i.e. U = C n ). 

Several years ago Chirka [C] raised the following question: 

Let A be a unit disc in C z and let f : A — ► C w be a continuous function 
such that its graph T(f) is a pluripolar subset ofC^ w . Does it follow that f is 
holomorphic? 

The main result of this paper gives a positive answer to this question and can 
be formulated as follows. 

Theorem. Let Q be a domain in C n and let f : Q — > C be a continuous function. 
The graph T(f) of the function f is a pluripolar subset of C n+1 if and only if f 
is holomorphic. 



Remark. The statement of the Theorem looks very similar to the classical 
Hartogs theorem which says that if £1 is a domain in C n and / : Q — > C is a con- 
tinuous function such that its graph T(f) is locally pseudoconcave in C n+1 , then 
/ is holomorphic. The difference is that the assumption of pluripolarity of r(/) in 
the Theorem implies (at least in the case when r(/) is complete pluripolar) that 
the complement of r(/) is pseudoconcave. But the assumption of pluripolarity 
of r(/) is actually much stronger than the assumption of pseudoconcavity of the 
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complement of r(/). For example, the graph of the function w = z is totally real 
and therefore its complement is pseudoconcave, while this function is obviously 
not holomorphic (and its graph is not pluripolar). 

2. Preliminaries 

For a compact set K in C n , the polynomial hull K of K is defined as 
K = {z G C™ : |-P(^)| < sup |-P(w)| for all holomorphic polynomials P in C n }. 

w£K 

The set K is called polynomially convex if K = K. 

A characterization of polynomially convex sets in terms of plurisubharmonic 
functions is given in the following lemma. 

Lemma 1 A compact set K in C n is polynomially convex if and only if for any 
point Q G C n \ K there is a plurisubharmonic in C n function ip such that 

supv?(V) < (p(Q). (1) 

Proof. To prove necessity, we suppose that K is polynomially convex and con- 
sider an arbitrary point Q of C n \i^. Then, by the definition of polynomial convex- 
ity, there is a holomorphic polynomial P in C n such that sup z&K \P(z)\ < \P(Q)\. 
Therefore, for the function tp(z) = log |P(z)|, plurisubharmonic in C ra , one obvi- 
ously has sup 2gX (p(z) < tp(Q). 

To prove sufficiency, we argue by contradiction and assume that there is a 
point Q G K \ K such that inequality (1) holds for some function ip plurisub- 
harmonic in C n . Taking, if necessary, a convolution of tp with a smooth positive 
function with small enough support and adding a function e\z\ 2 with small enough 
positive e, we can assume that the function ip satisfying (1) is smooth and strictly 
plurisubharmonic. It follows from (1) that sup zeK ip(z) < sup 2ei ^ ip(z) and, there- 
fore, there is a point Q* G K \ K such that ip(Q*) = sup 2gi ^ (p(z) > sup zeK (p(z). 
We then conclude from the strict plurisubharmonicity of the function tp that Q* 
is the local maximum modulus point of K for some polynomial P holomorphic in 
C n . Hence, by Rossi's "local maximum modulus principle" (see, for example [W], 
p. 52), Q* is a peak point for holomorphic polynomials on K which contradicts 
the fact that Q* G K \ K and the definition of polynomial convexity. □ 

Lemma 2 Let K be a polynomially convex compact set in C n and let E be a 
pluripolar compact set in C n . Then the set (K U E) \ K is pluripolar. 
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Proof. From pluripolarity of the set E it follows that there is a function ip E , 
plurisubharmonic in C n , such that E C {ip E = — oo}. To prove Lemma 2, we 
shall prove that (KU E)\K C {tp E = -oo}. 

Assume, by contradiction, that there is a point Q G (K U E) \ K such that 
^e(Q) > — oo. Since Q K, and since the set K is polynomially convex, it 
follows from Lemma 1 that there is a function ip K , plurisubharmonic in C n , such 
that sup zeK (Pk(z) < <£k(Q)- Then, for e positive and small enough, one also has 
that sup zeK ((f K (z) + e(p E (z)) < (fxiQ) +£ ( Pe(Q)- Since (p E (z) = -oo for z G E, 
it follows that sup ze r KuE \(ifK(z) + e<p E (z)) < (£k(Q) + £<Pe(Q)- By Lemma 1 

applied to the function lpk + e<Pe, we get that Q (K U E). This gives the 
desired contradiction. □ 

Lemma 3 Let U be a bounded domain in C z x M. u C (w = u + iv), let 
g : bU — > M, v be a continuous function and let T(g) be the graph of g. Then 
U C ir(Y{g)), where it : — > C z x M M is the projection. 

Proof. Consider an approximation of the domain U by an increasing sequence 
{U n } of domains with smooth boundary. Further, consider a sequence of smooth 
functions {g n }, 9n '■ bU n — > M, v , which approximate the function g, i.e., T(g n ) — > 
T(g) in the Hausdorff metric. Then it follows from the definition of polynomial 

hull that limsup^^ r(g n ) C T(g), where convergence is understood to be in the 
Hausdorff metric. Hence, it is enough to prove the statement of Lemma 3 in the 
case where the domain U has a smooth boundary and the function g is smooth. 

Now we argue by contradiction and suppose that there is a point Q e U \ 
7r(r((g)). Without loss of generality we may assume that Q is the origin O in 
C z xl M . We know by Browder [B] that H 2 (f(g~)), C) = (here H 2 (f(g)), C) is the 
second Cech cohomology group with complex coefficients). Then, by Alexander 
duality (see, for example [S], p.296), we get E x (C 2 Z W \ f\g) , C) = H 2 (f(g)),C) = 
(here Hi(C 2 z w \ T(g),C) is the first singular homology group with complex 

coefficients). On the other hand, since O G U \T(g), it follows that the curve 
7 r consisting of the segment {z = 0,u = 0,—R < v < R} and the half-circle 
{z = 0, w = Re* e , — | < 9 < | } do not intersect the set T(g) for R big enough. 
Moreover, the linking number of T(g) and 7^ is not equal to zero. Therefore, 
Hi(C% \F(g),C) 7^ 0. This is a contradiction and the lemma follows. □ 

Lemma 4 Let U be a simply connected domain in C z and let f(z) = u(z)+iv(z) : 
U — > C w be a function such that both u(z) and v(z) are harmonic in U. Then 
the graph T(f) is pluripolar if and only if f is holomorphic. 
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Proof. If / is holomorphic, then the function (p(z, w) — In \w — f(z)\ is defined 
and plurisubharmonic in U x C w and r(/) = {</? = — oo}. Therefore, the set r(/) 
is pluripolar. 

If / is not holomorphic, we argue by contradiction and suppose that the set 
r(/) is pluripolar. Then there is a function <p, plurisubharmonic in <C 2 Z , such 
that r(/) C {(p — — oo}. Let v be the harmonic conjugate function to u in the 
domain U such that v(z ) = v(zq) for some fixed point Zq G U. Then the set 
{z G U : v(z) + e = v(z)} is nonempty and consists of real analytic curves for 
all e small enough. Therefore, each of the holomorphic curves r e = {(z, w) : z G 
U,w — u(z) + i(v(z) + e)} intersects the set r(/) C {<p = —00} in real analytic 
curves. Since a real analytic curve is not polar (see, for example [T, Th.II.26, 
p.50]), it follows that T £ C {<p = —00} for all e small enough. This implies that 
ip = — 00 in and gives the desired contradiction. □ 

3. Proof of Theorem 

If the function / is holomorphic, then the same argument as in the proof of 
Lemma 4 shows that r(/) is pluripolar. Namely, the function 

(f(z u . . .,z n+1 ) = \n\z n+1 - f(z u ...,z n )\ 

is plurisubharmonic in Q x C and r(/) — {(p — —00}. Therefore, the set r(/) is 
pluripolar in C n+1 . 

Suppose now that the graph r(/) of / is pluripolar. To prove that / is 
holomorphic we consider two cases. 

1. The special case n — 1. In this case Vt is a domain in C z and f(z) = 
u(z) + iv(z) : ft — > C w is a continuous function such that its graph is pluripolar. 
Since holomorphicity is a local property, we can restrict ourselves to the case 
when Q is a disc in C z and, moreover, to simplify our notations, we can assume 
without loss of generality that Q = A = {z : \z\ < 1} is the unit disc and that the 
function / is continuous on its closure A. It follows from Lemma 4 that either the 
function / is holomorphic or at least one of the functions u and v is not harmonic. 
Since both cases can be treated the same way, we can, to get a contradiction, 
assume that the function u is not harmonic. Denote by u the solution of the 
Dirichlet problem on A with boundary data u. Since u is not harmonic, one has 
that u 7^ u in A. Without loss of generality we can assume that 

u(z ) < u(z ) (2) 

for some z G A. Let 

C = max{sup sup |i>(2:)|}. 

z€A z£A 
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Consider the set 

K = {{z,w) G A x C w : u(z) <u<3C, \v\ < C}. 

Lemma 5 The set K is polynomially convex. 

Proof. To prove polynomial convexity of K we use Lemma 1. Consider an 
arbitrary point (z*,w*) £ C 2 ZW \ K. If the point (z*,w*) belongs to the set 

Ai = {{z,w) G C\ w : \z\ > 1 or u > 3C or \v\ > C}, 

then inequality (1) will be satisfied for the point Q = (z*,w*) and the function 

(pi(z, w) = max{|2;| — 1, u — 3C, \v\ — C} 

plurisubharmonic in C 2 Z . 

If the point (z*,w*) belongs to the set 

A 2 = {(z,w) G A x C w : u < u(z)}, 

then u* < u(z*). Let e = ^(u(z*) — u*) and consider a function u £ harmonic on 
the whole of C z such that max zg ^ \u{z) — u e {z)\ < e. Since for (z,w) G K one 
has u > u(z) > u e (z) — e, and since u* = u(z*) — 3e< u £ (z*) — 2e, it follows that 
inequality (1) will be satisfied for the point Q = (z*,w*) and the function 

(p 2 (z, w) = u e (z) - u 

plurisubharmonic in C 2 ZW . 

Since C 2 Z ^ W \ K = A x Li A 2 , we conclude from Lemma 1 that the set K is 
polynomially convex. This completes the proof of Lemma 5. □ 

Consider now the domain 

U = {( z , u) G A x R u : u(z) <u< u{z) + 2C} 

in C 2 xM u and the real-valued function g(z, u) = v(z) on bU . Since sup 2g ^ \u{z)\ < 
C, one has sup ze ^ 1^(^)1 < C and hence u(z) < u(z) + 2C < 3C. It then follows 
from the definitions of U and g that the graph of the function g is contained 

in the set T(f) U K. Therefore, we get f(g) C (T(f)UK). Since, by Lemma 3, 

7r(r((yf)) D U, we conclude that 

7r(r(7K?ir) D U. (3) 
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Consider the following open subset of U : 

U = {{z,u) £ A x 1„ : u(z) < u < u(z)}. 

Inequality (2) obviously implies that the set U is nonempty. Since, by the defi- 
nition of the sets K and U, n(K) C\U = 0, it follows from (3) that 

n((r(f)UK)\K)DU. (4) 

Since, by our assumption, the graph r(/) of / is pluripolar, we conclude from 
Lemma 3 and Lemma 5 that the set (r(/) U K) \ K is pluripolar, i.e., 

(r(fyjK)\K<z{<p = -<*>} (5) 

for some plurisubharmonic function tp. 

From (2) one has that there is a neighbourhood V of the point z in C z such 
that 

u(z) < u{z) (6) 

for all z £ V. For each a G C consider the complex line £ a = {(z, w) G C 2 : z = a} 

and the set 

E a = {{T{f)UK)\K)ni a . 

It follows from (4) and (6) that for a G V the projection of E a on the real line 
(-a H {v = 0} contains an open segment. Since a polar set in C has Hausdorff 
dimension zero (see, for example [T, Th.III.19, p.65]), it cannot be projected on 
an open segment in R. Therefore, the set E a is not polar. It then follows from (5) 
that ip = — oo on £ a . Since this argument holds true for all a G V, we conclude 
that ^9 = -oo on C 2 .^. This contradiction proves the Theorem in the case n — 1. 

2. The general case. Let k be one of the numbers 1,2, ... ,n. For each a = 
(di, a 2 , . . . , a n ) G VL consider the function 

fk( z k) — f( a i, ■ ■ ■ , «fc-i, z k , a k+ i, . . . , a n ) 

defined on the domain 

= Q fl \Z\ — a±, . . . , Zk-i = ctfc-i, Zk+\ = Ofe+i, • • • , z n = a n } C C Zk . 

Since, by our assumptions, the set r(/) is pluripolar, there is a function tp, 
plurisubharmonic in C n+1 , such that r(/) C {tp — — oo}. For all points a except 
for a pluripolar set in C n one obviously has that the function 

Zn+l) — V 9 ! !) • • • 5 a k-l, Zki a k+li ■ ■ ■ , &n, z n+l) 

is not identically equal to — oo in C 2 fc 1 . For all such points a we can use 
the argument from case 1 and conclude from continuity of the function : 
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fi£ — > C Zn+1 and from the inclusion r(/*) C {</?£ = —00} that the function /* 
is holomorphic. Since the complement of a pluripolar set is everywhere dense, it 
follows from continuity of / that the functions f* are holomorphic for all a G f2. 
This argument holds true for any k — 1, 2, . . . , n, so we conclude from the classical 
Hartogs theorem on separate analyticity that the function / is holomorphic. The 
proof of the Theorem is now completed. □ 
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